In a two-mode Bose-Josephson junction formed by a binary mixture of ultracold atoms, macroscopic superpositions of phase states are produced during the time evolution after a sudden quench to zero of the coupling amplitude. Using quantum trajectories and an exact diagonalization of the master equation, we study the effect of one-, two-, and three-body atom losses on the superpositions by analyzing separately the amount of quantum correlations in each subspace with fixed atom number. The quantum correlations useful for atom interferometry are estimated using the quantum Fisher information. We identify the choice of parameters leading to the largest Fisher information, thereby showing that, for all kinds of loss processes, quantum correlations can be partially protected from decoherence when the losses are strongly asymmetric in the two modes.
In a two-mode Bose-Josephson junction formed by a binary mixture of ultracold atoms, macroscopic superpositions of phase states are produced during the time evolution after a sudden quench to zero of the coupling amplitude. Using quantum trajectories and an exact diagonalization of the master equation, we study the effect of one-, two-, and three-body atom losses on the superpositions by analyzing separately the amount of quantum correlations in each subspace with fixed atom number. The quantum correlations useful for atom interferometry are estimated using the quantum Fisher information. We identify the choice of parameters leading to the largest Fisher information, thereby showing that, for all kinds of loss processes, quantum correlations can be partially protected from decoherence when the losses are strongly asymmetric in the two modes. 
I. INTRODUCTION
Non-classical states such as squeezed states and macroscopic superpositions of coherent states are particularly interesting for high-precision interferometry since they allow for phase resolution beyond the standard quantum limit. One of the systems where such states may be engineered is a Bose-Einstein condensate (BEC) made of metastable vapors of ultracold atoms. This system displays a wide tunability of parameters: the interaction between atoms can be controlled by Feshbach resonances [1, 2] , and, by using optical lattices, the BEC can be coherently split into up to few thousands sub-systems with controlled tunneling between them [3] [4] [5] . When the atoms of the BEC are trapped in a double-well potential, they realize an external Bose-Josephson junction (BJJ). The two spatial wave functions localized inside one of the wells constitute the two modes of the BJJ and the tunneling between the wells leads to an inter-mode coupling. A BEC in a single harmonic trap of atoms in two hyperfine states resonantly coupled by a microwave radio-frequency field forms an internal BJJ. In both cases, when intermode coupling dominates interactions, the ground state of the BJJ is a spin coherent state (CS), that is, a product state in which all atoms are in the same superposition of the two modes. After a sudden quench to zero of the coupling, the dynamical evolution builds up entangled states because of the interactions between atoms. In the absence of decoherence mechanisms, the system evolves first into squeezed states [6] [7] [8] , then to multi-component * Dominique.Spehner@ujf-grenoble.fr superpositions of CSs [9, 10] , and then has a revival in the initial CS.
To date, only squeezed states, which appear at times much shorter than the revival time, have been realized experimentally [11] [12] [13] . At longer times, recombination and collision processes leading to particle losses produce heating and the disappearance of the BEC. Particle losses also destroy partially the coherence of the squeezed states. This has been analyzed quantitatively in [14] [15] [16] [17] , as well as the impact of the phase noise produced by magnetic fluctuations in internal BJJs [12, 18] . The superpositions of CSs appear later in the unitary evolution and are expected to be more fragile than squeezed states. The main theoretical focus on decoherence effects on these superpositions concerns the influence of the coupling of the atoms with the electromagnetic vacuum [19] and of phase noise [20] . In particular, it has been shown in [18, 20] that the coherences of the superpositions are not strongly degraded by phase noise, and this degradation does not increase with the number of atoms in the BJJ. Under current experimental conditions photon scattering is typically negligible and phase noise can be decreased by using a spin-echo technique [13] . In such conditions, the most important sources of decoherence are particle losses. Three kinds of loss processes may play a role: onebody losses, due to inelastic collisions between trapped atoms and the background gas; two-body losses, resulting from scattering of two atoms in the magnetic trap, which changes their spin and gives them enough kinetic energy to be ejected from the trap; and three-body losses, where a three-body collision event produces a molecule and ejects a third atom out of the trap.
In a previous work [21] we have analyzed the impact of two-body losses on macroscopic superpositions produced in internal BJJs. In this paper, we extend this analysis and study the combined effect of one-body, two-body, and three-body losses on the formation of mesoscopic and macroscopic superpositions. In agreement with previous results in Ref. [22] , we find by using a quantum trajectory approach that for all loss processes, the fluctuations in the total atomic interaction energy produced by the random loss events lead to an effective phase noise. We show that for weak loss rates this noise is responsible for the strongest decoherence effect. The tunability of the interaction energies makes it possible to switch this effective phase noise off in the mode loosing more atoms, without changing the interaction strength in the unitary dynamics, i.e. keeping the formation times of the superpositions fixed. This possibility to protect the coherence of the superposition for strongly asymmetric losses in the two modes has been already pointed out in [21] in the case of two-body losses. We show in this work that it is true for all loss processes and that for moderate loss rates it allows to obtain states which are more useful for high-precision atom interferometry than the squeezed states. This usefulness for interferometry is quantified by the quantum Fisher information F , which is related to the best phase precision achievable in one measurement according to (∆ϕ) best = 1/ √ F [23] . We calculate the Fisher information as a function of time in the lossy BJJ by using an exact diagonalization of the master equation.
The paper is organized as follows. In Sec. II and III we introduce the master equation describing the dynamics of BJJs in the presence of particle losses and recall the definition of the quantum Fisher information. The quantum trajectory approach is described in Sec. IV. We present our main results on the time evolution of the Fisher information in a lossy BJJ in Sec. V. In order to understand these results, we analyze separately the contributions to the total atomic density matrix of quantum trajectories which do not experience any loss in Sec. VI and of trajectories having a single or several loss events in Secs. VII and VIII. The last section IX contains a summary and conclusive remarks. Four appendices offer some additional technical details.
II. QUENCHED DYNAMICS OF A BOSE-JOSEPHSON JUNCTION
In this section we first recall the main features of the dynamics of a two-mode Bose-Josephson junction (BJJ) in the quantum regime after a sudden quench of the intermode coupling to zero. We then introduce the Markovian master equation describing atom losses in the BJJ.
A. Initial coherent state and Husimi distribution
We denote byâ i ,â † i , andn i =â † iâ i the bosonic annihilation, creation, and number operators in mode i = 1, 2. The total number of atoms in the BJJ is given by the operatorN =n 1 +n 2 . The Fock states |n 1 , n 2 are the joint eigenstates ofn 1 andn 2 with eigenvalues n 1 and n 2 , respectively. Initially, the BJJ is in its ground state in the regime where inter-mode coupling dominates interactions. This initial state is well approximated by
where N 0 is the initial number of atoms and
are the SU(2)-coherent states (CSs) for N atoms [24] . An arbitrary (pure or mixed) stateρ with N atoms can be represented by its Husimi distribution on the Bloch sphere of radius N/2,
This distribution provides a useful information on the phase content ofρ. The initial CS (1) has a Husimi distribution with a single peak at (θ, φ) = ( 
B. Dynamics in the absence of atom losses
After a sudden quench to zero of the inter-mode coupling at time t = 0, the two-mode Bose-Hubbard Hamiltonian of the atoms reads [25] 
where E i is the energy of the mode i, U i the interaction energy between atoms in the same mode i, and U 12 the interaction energy between atoms in different modes (U 12 = 0 for external BJJs). For a fixed total number of atoms N 0 =n 1 +n 2 , the Hamiltonian (3) has a quadratic term in the relative number operatorn 1 −n 2 of the form χ(n 1 −n 2 ) 2 /4, with the effective interaction energy
The atomic state |ψ (0) (t) = e −itĤ0 |ψ(0) displays a periodic evolution with period T = 2π/χ if N 0 is even and T /2 if N 0 is odd. Before the revival, the dynamics drives the system first into squeezed states at times t ≈ T N Fig. 1 ). At the later times
the atoms are in macroscopic superpositions of CSs
with coefficients c k,q of equal moduli q −1/2 and phases θ = π/2 and φ k,q = φ 0,q + 2πk/q, where φ 0,q depends on q, N 0 , and the energies E i and U i [9, 10] . In particular, at time t = t 2 the BJJ is in the superposition (|N 0 ; φ 0,2 − |N 0 ; φ 1,2 )/ √ 2 of two CSs located on the equator of the Bloch sphere at diametrically opposite points. Panels (c) and (d) of Fig. 1 show the Husimi distribution of the states (6) for q = 2 and q = 3.
It is easy to determine the matrix elements of the density matrixρ (0) (t) = |ψ (0) (t) ψ (0) (t)| in the Fock basis. They have time-independent moduli
where we have set n 2 = N 0 − n 1 and n
At the time t q of formation of a macroscopic superposition (6), it is convenient to decomposeρ (0) (t q ) as a sum of a "diagonal part" [ρ (0) (t q )] d , corresponding to the statistical mixture of the CSs in the superposition, and an "off-diagonal part" [ρ (0) (t q )] od describing the coherences between these CSs.
These diagonal and off-diagonal parts exhibit remarkable structures in the Fock basis, which allow to read them easily from the total density matrix [18] :
The off-diagonal part does almost not contribute to the Husimi distribution. The Husimi plots in Fig. 1 (c,d) thus essentially show the diagonal parts only. On the other hand, the QCs useful for interferometry (i.e. giving rise to high value of the Fisher information, see below) are contained in the off-diagonal part [ρ (0) (t q )] od [18] , .
C. Master equation in the presence of atom losses
We account for loss processes in the BJJ by considering the Markovian master equation [26] [27] [28] where we have set = 1,ρ(t) is the atomic density matrix, and the superoperators L 1-body , L 2-body , and L 3-body describe one-body, two-body, and three-body losses, respectively. They are given by
where the rates α i , γ ij , and κ ijk correspond to the loss of one atom in the mode i, of two atoms in the modes i and j, and of three atoms in the modes i, j, and k (with i, j, k = 1, 2), respectively, and {·, ·} denotes the anti-commutator. To shorten notation we write the loss rate of two (three) atoms in the same mode i as γ i = γ ii (κ i = κ iii ) and set κ 12 = κ 112 and κ 21 = κ 122 . Note that the inter-mode rates γ 12 , κ 12 , and κ 21 vanish for external BJJs. The loss rates depend on the macroscopic wave function of the condensate and thus on the number of atoms and interactions energies U i . As far as the number of lost atoms at the revival time T remains small with respect to the initial number of atoms N 0 , one may assume that these rates are time-independent in the time interval [0, T ].
D. Conditional states
The master equation (11) does not couple sectors with different numbers of atoms. As a result, if the density matrixρ(t) has initially no coherences between states with different atom numbers then such coherences are absent at all times t ≥ 0. Hencê
where ρ N (t) (ρ N (t)) is the unnormalized (normalized) density matrix with a well-defined number of atoms N (that is,
and w N (t) ≥ 0 is probability of finding N atoms in the BJJ (thus N w N (t) = 1). The matrix ρ N (t) is the conditional state following a measurement of N . More precisely, it describes the state of the BJJ when one selects among many single-run experiments those for which the measured atom number at time t is equal to N and one averages all experimental results over these "post-selected" single-run experiments, disregarding all the others. In this sense,ρ N (t) contains a more precise physical information than the total density matrixρ(t).
To have access to this information, one must be able to extract samples with a well-defined number of atoms initially (since we assumed an initial state with N 0 atoms) and after the evolution time t. Even though the precise measurement ofN is still an experimental challenge, the precision has increased by orders of magnitude during the last years [29] [30] [31] .
III. QUANTUM CORRELATIONS USEFUL FOR INTERFEROMETRY
A useful quantity characterizing quantum correlations (QCs) between atoms in systems involving many atoms is the quantum Fisher information. Let us recall briefly its definition and its link with phase estimation in atom interferometry (see [18, 32, 33] for more details). In a Mach-Zehnder atom interferometer, an input stateρ in is first transformed into a superposition of two modes, analogous to the two arms of an optical interferometer. These modes acquire distinct phases ϕ 1 and ϕ 2 during the subsequent quantum evolution and are finally recombined to read out interference fringes, from which the phase shift ϕ = ϕ 1 − ϕ 2 is inferred. The output state of the interferometer isρ out (ϕ) = e −iϕĴ nρ in e iϕĴ n , wherê J n = n xĴx + n yĴy + n zĴz is the angular momentum generating a rotation on the Bloch sphere in the direction n,
The phase shift ϕ is determined by means of a statistical estimator depending on the results of measurements on the output stateρ out (ϕ). The best precision on ϕ that can be achieved (that is, optimizing over all possible estimators and measurements) is given when |ϕ| ≪ 1 by [23] (∆ϕ) best = 1
where M is the number of measurements and
is the quantum Fisher information. Here, {|l } is an orthonormal basis diagonalizingρ,ρ|l = p l |l . The quantum Fisher information thus measures the amount of QCs in the input state that can be used to enhance phase sensitivity with respect to the shot noise limit (∆ϕ) SN = 1/ M N , that is, to the sensitivity obtained by using N independent atoms. SinceĴ n does not couple subspaces with different N 's, it follows from Eq. (15) and from the block structure (13) ofρ that
where F N (ρ N ,Ĵ n ) is the Fisher information associated to the conditional stateρ N with N atoms and w N is the corresponding probability. It is shown in [34] that if F (ρ,Ĵ n ) is larger than the average number of atoms N then the atoms are entangled. According to Eq. (14) , the condition F (ρ,Ĵ n ) > N is a necessary and sufficient condition for sub-shot noise sensitivity (∆ϕ) best < (∆ϕ) SN .
In order to obtain a measure of QCs independent of the direction n of the interferometer, we optimize the Fisher information over all unit vectors n and define [35] ,
Here, C max is the largest eigenvalue of the 3 × 3 real symmetric covariance matrix
a, b = 1, 2, 3. For simplicity we write F tot (t) ≡ F (ρ(t)) for the optimized total Fisher information (17) . When studying the QCs in the conditional statesρ N (t), we optimize over n independently in each subspace and define F N (t) = max n =1 F (ρ N (t),Ĵ n ). Note that F tot (t) is not equal to N w N (t)F N (t), because the optimal directions may be different in each subspace.
In the absence of losses, the two-component superposition of CSs has the highest possible Fisher information 
IV. QUANTUM TRAJECTORIES
We solve the master equation (11) using two methods: the quantum jump approach and an exact diagonalization. We outline in this section the quantum jump approach. It yields a tractable analytical solution in the case of few loss events and allows to gain physical intuition on the various mechanisms leading to decoherence. It will be used to explain the results provided by the exact diagonalization method. The latter offers the exact but complex solution for the whole density matrix when the inter-mode losses are absent, i.e. γ 12 = κ 21 = κ 12 = 0. We use it mostly to compute numerically the Fisher information. The details of the exact diagonalization are given in Appendix A.
In the quantum jump description, the state of the atoms is a pure state |ψ(t) which evolves randomly in time as follows [36] [37] [38] [39] [40] [41] . At random times s quantum jumps occur and the atomic state is transformed as
where the index m labels the type of jump andM m is the corresponding jump operator. In our case, restricting for the moment our attention to two-body losses, one has three types of jumps: the loss of two atoms in the first mode, withM 2,0 =â 2 1 , the loss of two atoms in the second mode, withM 0,2 =â 2 2 , and the loss of one atom in each mode, withM 1,1 =â 1â2 . The probability that a jump m occurs in the infinitesimal time interval [s, s + ds] is dp m (s) = Γ m M m |ψ(s) 2 ds, where Γ m is the jump rate in the loss channel m. Using the notation of Sec. II C, one has Γ 2,0 = γ 1 , Γ 0,2 = γ 2 , and Γ 1,1 = γ 12 . Between jumps, the wave function |ψ(t) evolves according to the effective non self-adjoint HamiltonianĤ eff =Ĥ 0 − iD 2−body witĥ
The physical origin of the damping term relies on the gain of information acquired on the atomic state from conditioning the system to have no loss in a given time interval [37, 41] : the longer the time interval, the smaller must be the number of atoms left in the BJJ in the mode losing atoms. The random wave function at time t reads
where J is the number of loss events in the time interval [0, t], 0 ≤ s 1 ≤ · · · ≤ s J ≤ t are the random loss times, and m 1 , . . . , m J the random loss types. The time evolution of the wave function t → |ψ J (t) for a fixed realization of the jump process is called a quantum trajectory. The probability to have no atom loss between times 0 and t is given by e −itĤ eff |ψ(0) 2 . The probability to have J loss events in [0, t], with the νth event occurring in the time interval [s ν , s ν + ds ν ], ν = 1, . . . , J, is dp
The link of this approach with the master equation description is that the average over all quantum trajectories (that is, over the number of jumps J, the jump times s ν , and the jump types m ν ) of the rank-one projector |ψ J (t) ψ J (t)| yields the density matrixρ(t) solution of the master equation (11) [37] . We thus recover the block structure (13) of the atom density matrix, with
and N J = N 0 − 2J. Therefore, quantum trajectories provide a natural and efficient tool to study the conditional statesρ NJ (t) with N J atoms, which only depend on quantum trajectories having J two-body loss events. It is straightforward to extend the above description to include also one-body and three-body losses. This is achieved by adding new types of jumps with jump operatorsM 1,0 =â 1 ,M 0,1 =â 2 (for one-body losses) and
(for three-body losses). The corresponding jump rates are
is obtained by summing the right-hand side of Eq. (23) over all J and all r 1 , . . . , r J ∈ {1, 2, 3} such that N 0 − J ν=1 r ν = N , r ν being the number of atoms lost in the νth loss event. The effective Hamiltonian becomeŝ H eff =Ĥ 0 − iD withD =D 1−body +D 2−body +D 3−body andD
V. QUANTUM CORRELATIONS IN THE PRESENCE OF PARTICLE LOSSES
We present in this section our main results on the evolution of the QCs in the atomic state under the quenched dynamics in the presence of atom losses. The amount of QCs is estimated by the total quantum Fisher information F tot (t).
Before investigating the combined effect of the various loss processes, we start by a detailed analysis of a small atomic sample with N 0 = 10 atoms subject to twobody losses only and without inter-mode losses (the latter losses cannot be addressed by our exact diagonalization and will be discussed in Secs. VI-VIII). In this case we can study the separate contribution of the Fisher information from all the subspaces with fixed atom number. Figure 2 shows the effect of increasing the atom loss rates in a symmetric model γ 1 = γ 2 and U 1 = U 2 (panel (a)). The quantum Fisher information, which in the absence of losses is characterized by a large peak at the time t = T /4 of formation of the two-component superposition, rapidly decreases once the loss rate increases. If, however, an asymmetric model is chosen -with parameters yielding the same average number of lost atoms at time t 2 and the same revival time T as in the symmetric case -as a main result we find that the quantum Fisher information is considerably increased (panel (c) in 
(iii) exp.
FIG. 3. (Color online) Total quantum Fisher information
Ftot(t) versus time t (in units of T = 2π/χ) from exact diagonalization. Example for realistic experimental conditions from the papers [12, 14, 16] with N0 = 100, U2 = U12, U1 − U12 = 18.056Hz, and (i) symmetric two-body losses γ2 = 0.0127Hz and γ1 = 0 without one-and three-body losses;
(ii) one-, two-, and three-body losses in the second mode with rates α2 = 0.4Hz , γ2 = 0.0127Hz, κ2 = 1.08 × 10 −6 Hz and no losses in the first mode; (iii) symmetric one-and three-body losses and asymmetric two-body losses, α1 = α2 = 0.2Hz, γ2 = 0.0127Hz, γ1 = 0, and κ1 = κ2 = 0.54 × 10 −6 Hz.
most favorable situation turns out to be the one with asymmetric energies U 2 = U 12 < U 1 and vanishing loss rate γ 1 = 0 in the channel with largest interactions (a similar result would be obtained for U 1 = U 12 < U 2 and γ 2 = 0). The histograms in panels (b) and (d) give the contributions to the total Fisher information of the various subspaces with fixed atom numbers, see (16) , evaluated in the direction n opt optimizing F (ρ(t),Ĵ n ). These histograms show that the aforementioned effects are nontrivial, namely, the large Fisher informations at times t 2 and t 3 for asymmetric rates and energies do not come from the contribution of the subspace with the initial atom number N 0 . We study next an atomic sample with N 0 = 100 atoms initially in the case where several loss processes are combined together. Figure 3 shows the total quantum Fisher information for experimentally relevant parameters extracted from Refs. [12, 14, 16] . The precise way how these parameters are obtained can be found in Appendix B. As can be seen in Fig. 3 , under two-body asymmetric losses only, the QCs of the superpositions are well preserved like in the small atomic sample discussed above. As far as two-body losses are concerned, this asymmetric situation is realized in the experiment [13] , the twobody losses occurring mainly in upper internal level [42] . When one-body and three-body losses -which are also present in this experiment -are added, the coherence of the macroscopic superpositions are still preserved provided one has no loss in one mode. In this case, the QCs in the macroscopic superpositions can thus be protected against atom losses by tuning the interaction energies U 2 such that U 2 = U 12 . This shows that the results of [21] concerning two-body losses hold for one-body and threebody losses as well. However, when symmetric one-body and three-body losses are added, the QCs are destroyed on a much shorter time scale and the pick in the Fisher information at the time t 2 disappears. In the experiments [12, 13] , the one-body losses are symmetric in the two modes since they are due to collisions with atoms from the background gas, which are equally likely for the two internal atomic states. This means that, if one allows for a tuning of the interaction energies, one-and three-body losses are much more detrimental to the QCs of macroscopic superpositions than two-body losses.
The purpose of the following sections is to explain the smaller effect of decoherence for strongly asymmetric loss rates and interaction energies observed in Figs. 2 and 3 .
To this end, we analyze separately the contribution of each subspace with a fixed atom number to the total Fisher information by using the quantum jump approach of Sec. IV, that is, we study the QCs of the conditional statesρ N (t) with N < N 0 atoms. We will show that the stronger decoherence for symmetric two-body rates and energies originates from a "destructive interference" (exact cancellation) when adding the contributions of the two loss channels at time t 2 , and that a similar cancellation occurs at time t 3 for symmetric three-body losses, but is is absent for one-body losses. Moreover, the weaker decoherence for asymmetric losses obtained by tuning the interaction energies as described above comes from the absence of dephasing in the mode i losing atoms.x This effect is somehow trivial for external BJJs: then this absence of dephasing is obtained for a vanishing interaction energy U i = U 12 = 0; for such an energy the collision processes responsible of two-body losses in the mode i are suppressed (moreover, our assumption that the loss rates are independent of the energies is not justified anymore). In contrast, for internal BJJs decoherence is reduced when U i is equal to the inter-mode interaction U 12 = 0 and the effect is non-trivial. We shall explain it by invoking the effective phase noise produced by atom losses in the presence of interactions discussed in [21, 22] .
VI. CONDITIONAL STATE IN THE SUBSPACE WITH THE INITIAL NUMBER OF ATOMS
In this section we determine the conditional statê ρ N0 (t) with N 0 atoms at time t. In the quantum jump approach this corresponds to the contribution of quantum trajectories with no jump in the time interval [0, t], which are given by (see Sec. IV)
The unnormalized conditional state is ρ andD, it takes the form
. The probability to find N 0 atoms in the BJJ at time t is found with the help of Eqs. (7) and (27) . One finds
(28) We now restrict our attention to symmetric three-body losses κ 1 = κ 2 and κ 12 = κ 21 . The asymmetric threebody loss case is treated in Appendix C. Let us set κ = (3κ 1 − κ 12 )/2 and
If a = 0, the damping factor (exponential factor in the right-hand side) in Eq. (27) is Gaussian. Actually, by using Eqs. (20), (24) , and (25), one obtains
where c is an irrelevant n 1 -independent constant (which can be absorbed in the normalization of the density matrix) and
with ∆α = α 2 − α 1 and ∆γ = γ 2 − γ 1 . In order to estimate the QCs inρ N0 (t) and the typical loss rates at which this state is affected by the Gaussian damping, we now focus on three particular cases.
(i) Symmetric loss rates γ 1 = γ 2 and α 1 = α 2 . In this case a = γ/2 + (N 0 − 2)κ with γ = 2γ 1 − γ 12 and n 1 = N 0 /2. Hence the damping factor in Eq.(27) is a Gaussian centered at (n 1 , n ′ 1 ) = (N 0 /2, N 0 /2). This center coincides with the peak of the matrix elements (7) in the absence of losses, which have a width ≈ √ N 0 , see Eq. (8) . Thus the effect of the Gaussian damping begins to set in for times t such that at ≈ 1/N 0 . In particular, the macroscopic superposition at time t q = π/(χq) is noticeably affected by damping for a > ∼ χq/N 0 . It is shown in Appendix C thatρ N0 (t q ) converges at large loss rates a ≫ χq to the pure Fock state |N 0 /2, N 0 /2 with equal numbers of atoms in each mode if N 0 is even, as could be expected from the symmetry of the losses. This convergence is illustrated in the upper panels in Fig. 4 , which represent the density matrix (27) at time t = t 3 for various symmetric two-body loss rates and vanishing one-body, three-body, and inter-mode rates. The quantum Fisher information F N0 (t 2 ) in the subspace with N 0 atoms at time t 2 is displayed in Fig. 5 . For
Let us, however, stress that at such loss rates,ρ N0 (t 2 ) has a negligible contribution to the total density matrix (13) and is very unlikely to show up in a single-run experiment, because the no-jump probability w N0 (t 2 ) is very small. The large value of F N0 (t 2 ) for strong symmetric losses does thus not mean that the total stateρ(t) has a large amount of QCs. The Husimi distributions of the conditional statesρ N0 (t 2 ) are shown in the upper insets of (ii) Completely asymmetric two-body losses and no three-body losses, γ 2 = γ 12 = κ = 0. Then a = γ 1 /2 and n 1 = ∆α/(2γ 1 ) + 1/2. The onset of the damping on the q-component superposition is at the loss rate γ 1 ≈ χq/N 2 0 , which is smaller by a factor N 0 with respect to the symmetric case, except for strongly asymmetric one-body loss rates satisfying ∆α ≈ γ 1 N 0 . In the latter case, this onset occurs when γ 1 ≈ χq/N 0 as in case (i). Therefore, if ∆α is not approximately equal to γ 1 N 0 , the Gaussian damping factor in Eq.(27) affects more strongly the lossless density matrix than in the symmetric case. The lower panels in Fig. 4 and dashed curve in Fig. 5 display the matrix elements ofρ N0 (t 3 ) in the Fock basis and the Fisher information F N0 (t 2 ), respectively, for ∆α = κ = 0. Except at small values of γ 1 , F N0 (t 2 ) is much smaller than for symmetric losses. This can be explained from the results of Appendix C, showing that ρ N0 (t q ) converges in the strong loss limit γ 1 ≫ χq to the Fock state |0, N 0 if α 2 < α 1 and to a superposition of Fock states with n 1 = 0 or 1 atoms in the first mode if α 1 = α 2 . These pure states have Fisher informations ≈ N 0 smaller by a factor N 0 than that obtained for strong symmetric losses. Because the aforementioned Fock states are localized near the south pole of the Bloch sphere (θ = 0), the two peaks in the Husimi functions (lower insets in Fig. 5 ) move to values of θ smaller than π/2 when increasing γ 1 . Note that this picture is drastically modified when α 2 = γ 1 N 0 + α 1 : thenρ N0 (t 2 ) converges to a superposition of the Fock states |N 0 /2, N 0 /2
(iii) Strong inter-mode two body losses γ 12 > γ 1 + γ 2 + 2(N 0 − 2)κ, i.e. a < 0. Then the onset of damping at time t q occurs for |a| ≈ χq/N 2 0 , excepted when ∆γ ≈ −∆α/(N 0 − 1), in which case it occurs for |a| ≈ χq/N 0 . As shown in the Appendix C,ρ N0 (t q ) converges at strong losses either to the Fock state with n 1 = 0 or n 1 = N 0 atoms in the first mode, which has a Fisher information equal to N 0 , or, if ∆γ = −∆α/(N 0 − 1), to the so-called NOON state, which has the highest possible Fisher information F N0 (∞) = N 2 0 .
VII. CONDITIONAL STATES WITH N < N0 ATOMS
A. Contribution of trajectories with a single loss event
We study in this subsection the contribution to the total atomic density matrixρ(t) of quantum trajectories having exactly one jump in the time interval [0, t].
Let t → |ψ 1 (t) be such a trajectory subject to a single loss process, occurring at time s ∈ [0, t]. We denote the type of loss process by the pair m = (m 1 , m 2 ) ∈ {1, 2, 3} 2 , where m 1 and m 2 are the number of atoms lost in the first and second modes, respectively. The associated jump operator isM m =â m1 1â m2 2 (see Sec. IV). The total number of atoms kicked out from the system at time s is denoted by r = |m| = m 1 + m 2 . It is easy to see that the jump (19) transforms a CS |N 0 ; θ, φ into a CS |N 0 − r; θ, φ . We will argue below that for three-body loss rates satisfying N 0 κ i t ≪ 1 and N 0 κ ij t ≪ 1, this CS is rotated on the Bloch sphere by the evolution in the time intervals [0, s] and [s, t] driven by the nonlinear effective Hamiltonian H eff . More precisely,
where θ m (s) and φ m (s) are random angles depending on the loss type m and time s. These angles are given by
where we have introduced the interaction energies
and the loss rate differences
To establish this result, we first take as initial state a Fock state |n 1 , n 2 , which is an eigenstate ofĤ eff with eigenvalueĤ eff (n 1 , n 2 ). According to Eq.(21), the corresponding unnormalized wave function | ψ 1 (t)
where
is a complex dynamical phase. The real part of Φ m,s is the dynamical phase associated to the change in the atomic interaction energy because of the reduction of particles at time s. Since the Hamiltonian (3) is quadratic in the number operatorsn i , this real part is linear in n
where φ m (s) is given by Eq.(33) and c m is an irrelevant n ′ 1 -independent phase. The imaginary part of Φ m,s is associated to a change in the damping due to the reduction of particles at time s. It is quadratic in n ′ i because of the presence of the cubic damping operatorD 3−body (see Eq. (25)), but we will see that one can neglect the quadratic term under our assumption on the three-body loss rates. By neglecting all terms of order sN 0 κ i , sN 0 κ ij , i, j = 1, 2, i = j, and recalling that n 
where δ i is given by Eq. (35) and
We now take as initial state the CS (1). The corresponding unnormalized wave function is obtained by using the Fock state expansion (2) and Eq.(36). This yields
Note that only the terms with |n
contribute significantly to the sum. Thus one can neglect the quadratic term in the right-hand side of Eq.(39) in the limit N 0 κ i t, N 0 κ ij t ≪ 1. Plugging Eqs. (38) and (39) into Eq. (41), one recognizes the Fock state expansion of a CS with N 1 atoms. We get
in agreement with Eq.(32) above. Moreover, from Eqs. (22) and (42) we immediately obtain the probability dp (t) m (s; 1) that a loss event of type m occurs in the time interval [s, s + ds] and no other loss occur in [0, t], dp (t)
Let us assume that the BJJ is subject to r-body losses only, with r = 1, 2, or 3. According to Eq.(23), the density matrix in the subspace with N 1 = N 0 − r atoms isρ
The probability to measure N 1 atoms at time t reads w N1 (t) = tr ρ
(t). Equation (44) means that by conditioning to a single loss event one obtains the same state as if there were no atom loss between times 0 and t, one had initially N 1 atoms, and the BJJ was subject to external θ-and φ-noises rotating the state around the Bloch sphere. More precisely, with the help of the commutation ofĤ eff with the angular momentum operatorĴ z = (n 1 −n 2 )/2 and the identity |N ; θ, φ = (e iφ cosh u) −N/2 e (−iφ+u)Ĵz |N ; φ = 0 with u = ln(tan(θ/2)), one can rewrite this formula as
eff (s) = e −i(φm(s)+i ln(tan(θm(s)/2))Ĵz e −itĤ eff is a non-unitary random evolution operator and the brackets denote the average with respect to the exponential distribution f m (s) ∝ Θ(t − s)e −sGm of the loss time s (here Θ denotes the Heaviside step function). Hence the effect of atom losses on the conditional state (44) with one loss event is equivalent to that of some θ-and φ-noises, in addition to the damping described in Sec. VI. These noises are characterized by the fluctuations
(46) (we assume here δθ m ≪ 1), where δs m is the fluctuation of the loss time with respect to the distribution
m (s). This analogy between atom losses and φ-noise is already known in the literature in the weak loss regime [22] ; in this regime the θ-noise is negligible.
The density matrix (44) can be evaluated explicitly in the Fock basis. It reads
In Eq.(47), ρ (no loss) N1
(t) denotes the unnormalized density matrix conditioned to no loss event between times 0 and t for an initial phase state with N 1 atoms,
the matrix elements of which are given by Eq.(27) upon the replacement N 0 → N 1 . According to Eq.(47), the density matrix conditioned to a single loss event is the lossless density matrixρ (0) (t) for an initial phase state with N 0 − r atoms, modulated by the envelope Γ m C m (t; n, n ′ ) and by the damping factor of Eq. (27) .
Note that in the presence of both one-body and twobody losses, to get the stateρ N0−2 (t) in the (N 0 −2)-atom subspace one must add toρ
(t) the contribution of trajectories having two one-body loss events. In the next subsection we generalize the previous results to trajectories having more than one jump and determine the stateŝ ρ N (t) for all N when the BJJ is subjected simultaneously to one-body, two-body, and three-body losses.
B. Contribution of trajectories with several loss events
The extension to J > 1 loss events of the calculation of the previous subsection does not present any difficulty. As before, we consider three-body loss rates satisfying N 0 κ i t, N 0 κ ij t ≪ 1. 
where δ i and χ i are defined in Eqs. (34) and (35) . As before, φ m (s) and i ln(tan(θ m (s)/2)) are respectively the real and imaginary dynamical phases per atom in the first mode associated to the variations in the interaction energy and the damping following the particle losses. We now assume that, in addition to the above condition on three-body losses, the two-body loss rates satisfy tγ i ≪ 1 and tγ 12 ≪ 1. It is shown in the Appendix D that the conditional statesρ N (t) with |N 0 − N | ≪ N 0 read in the Fock basis
with an envelop E N (t; n, n ′ ) given in terms of the coefficients C m (t; n, n ′ ) of Eq. (48) by
Thus, E N (t; n, n ′ ) is obtained by multiplying together the envelopes associated to single r-body loss events in Eq.(47) raised at the power J r , and by summing over all the numbers J r of r-body losses in the time interval
Equations (32), (50), (51), and (52) are our main analytical results from the quantum trajectory approach. Let us recall that they are valid provided that tΓ m ≪ N 2−|m| 0 for all two-body (|m| = 2) and three-body (|m| = 3) loss rates Γ m . This is not a strong restriction since the mean number N t of atoms in the BJJ at time t depends on the two-body and three-body loss rates like N 0 γ i t and N 2 0 κ i t for large N 0 [43] . Hence the aforementioned condition is still fulfilled if a relatively large fraction (e.g. 50%) of the initial atoms are lost between time 0 and t by two-body and three-body processes.
In the next section, we use the above analytical results to explain the different decoherence scenarios discussed in Sec. V on the superpositions of phase states for symmetric and asymmetric loss rates and interaction energies.
VIII. CHANNEL EFFECTS AND PROTECTION OF QUANTUM CORRELATIONS AGAINST PHASE NOISE
We focus in this section on the conditional states with N < N 0 atoms at the time of formation t = t q of the macroscopic superpositions. To simplify the discussion, we assume in Subsections VIII A to VIII C that the BJJ is subject to r-body losses only (with r = 1, 2, or 3) and study the conditional density matrixρ N1 (t q ) with N 1 = N 0 − r atoms, given by Eq.(44). The more general case of combined loss processes and more than one loss event is discussed in Subsection VIII D.
A. Results from the exact diagonalization method
Let us start by presenting the amount of QCs in the subspace with N 1 atoms calculated from the exact diagonalization method of appendix A. We restrict ourselves here to two-body losses, assuming no one-body, threebody, and inter-mode losses (i.e. α i = γ 12 = κ i = κ ij = 0). The density matrixρ N1 (t 2 ) in the Fock basis is shown in Fig. 6 . If the interaction energies in the two modes are equal, i.e. U 1 = U 2 , we remark thatρ N1 (t 2 ) is almost diagonal in the Fock basis for weak symmetric loss rates γ 1 = γ 2 < ∼ χ/N 0 (upper left panel), while it has non vanishing off-diagonal elements at odd values of n ′ 1 − n 1 for completely asymmetric rates γ 2 = 0 (middle left panel). Moreover, if one takes a vanishing rate γ 1 = 0 in the first mode and tunes the energies such that U 2 = U 12 , keeping χ = (U 1 + U 2 − 2U 12 )/2 fixed, the density matrix has the same structure as that of a two-component superposition with N 0 − 2 atoms. This is confirmed by looking at the quantum Fisher information F N0−2 (t 2 ) in the subspace with N 0 − 2 atoms, which is displayed in Fig. 7 . We stress that, unlike in Fig. 2 , this Fisher information is not multiplied by the one-jump probability w N0−2 (t q ). If one of the modes does not lose atoms and U i = U 12 in the other mode (Fig. 2b) , F N0−2 (t 2 ) is approximately equal for γ 1 ≪ χ/N 0 to the Fisher information (N 0 − 2) 2 of a two-component superposition. At stronger loss rates γ 1 ≈ 1/T = χ/(2π) it decreases to much lower values. In contrast, for symmetric losses and energies, F N0−2 (t 2 ) starts below the shot-noise limit at weak losses and increases with γ 1 to reach a maximum when γ 1 ≃ 2/T . As we will see below, these different behaviors of the Fisher information for symmetric and asymmetric loss rates and energies occur in all subspaces with N < N 0 atoms and for all types of losses, thereby explaining the differences in the total Fisher information obtained in Sec. V. We show in the next subsection that this comes mainly from the combination of two effects: a channel effect and the reduction of phase noise in one loss channel by tuning the energies U i .
B. Results from the quantum trajectory method for small loss rates
Let us concentrate on the small loss regime, i.e.
In this case one can neglect the θ-noise since δθ m is much smaller than the quantum fluctuations in the CSs forming the components of the superposition (6) (the latter are of the order of 1/ √ N 0 ). In contrast, as follows from the large fluctuations δs m ≈ t q of the loss time s (which has an almost flat distribution between 0 and t q , see (43)), the φ-fluctuations are quite large. Actually, if χ 1 m 1 + χ 2 m 2 = 0 then δφ m in Eq. (46) is of the order of the phase separation φ k+1,q − φ k,q = 2π/q between the CSs.
The analytical results of Sec. VII take a simpler form in the limit (53). Due to Eq.(47), the conditional statê ρ N1 (t q ) in the Fock basis in the presence of r-body losses only is obtained by multiplying the matrix elements of the superposition of CSs by the damping factor
and by the envelope
For symmetric energies U 1 = U 2 , i.e. χ 1 = −χ 2 = χ, the coefficient C m (t q , ; n, n ′ ) in Eq.(48) can be approximated by
(56) The factor in front of the sum in (55) is put for convenience (then E q,r (n 1 , n 1 ) = |m|=r Γ m ) and disappears in the state normalization. We discuss below three important effects of atom losses on the atomic state, by analyzing the form of the envelope (55) for various loss rates and energies. ′ , N0 − 2 − n ′ | of the density matrix in the Fock basis at time t2 = T /4 in the subspace with (N0 − 2) atoms for increasing two-body losses rates (from left to right), from the exact diagonalization method. The upper panels correspond to symmetric losses and interaction energies (γ1 = γ2 and U1 = U2), the middle panels to asymmetric losses and symmetric energies (γ2 = 0 and U1 = U2), and the bottom panels to asymmetric losses and energies (γ1 = 0 and U2 = U12). The revival time T is the same in all cases. White dashed lines are marking the values of (n, n ′ ) for which the matrix elements of the diagonal part [ρ (0) (t2)] d of the two-component superposition do not vanish. Other parameters: N0 = 10, αi = γ12 = κi = κij = 0. mode i blurs out the phases of the CSs, whereas a loss of one atom in each mode does not modify the state.
Before showing this explicitly, let us mention some results established in [18, 20] concerning the effect of phase noise on superpositions of CSs in BJJs. Recall that one can decompose the density matrix as a sum of its diagonal and off-diagonal parts defined in Eq. (9) . This can also be done in the presence of noise. Phase noise flattens the Husimi distribution of the superposition in the φ direction (phase relaxation), which manifests itself by the convergence for strong noise of the diagonal part of the density matrix to a statistical mixture of Fock states with completely undefined phases. A second effect of phase noise is the loss of the coherences between the CSs of the superposition, leading to a convergence of the offdiagonal part to zero at strong noises. This off-diagonal part, albeit it does not influence the Husimi distribution, contains the QCs useful for interferometry. It was pointed out in [18, 20] that for intermediate phase noise one may have almost complete phase relaxation while some QCs remain (weak decoherence).
In our case, the action of phase noise on the diagonal and off-diagonal parts ofρ N1 (t q ) can be evaluated exactly. By Eqs.(10) and (47), the matrix elements of [ρ N1 (t q )] d vanish for n ′ 1 = n 1 modulo q. We may thus restrict our attention to n ′ 1 = n 1 + pq for integer p's. Due to Eqs.(55) and (56), if p = 0 then
(57) with ∆α = α 2 − α 1 , ∆κ = κ 2 − κ 1 , and ∆κ 12 = κ 21 − κ 12 . Therefore, for two-body losses and in the absence of intermode losses γ 12 = 0, the diagonal part is equal to a statistical mixture of Fock states in the limit (53),
This is confirmed in the upper and middle left panels in Fig. 6 , where one observes vanishing matrix elements on the dashed lines n , from exact diagonalization, for (a) symmetric losses γ1 = γ2 with U1 = U2 (red solid line) and U2 = U12 (green dashed line); (b) completely asymmetric losses with γ2 = 0 and U1 = U2 (red solid line), U1 = U12 (green dot dashed line), and U2 = U12 (blue dashed line). The Ui are chosen in such a way that the revival time T does not change. Insets: plots of the Husimi functions for some specific choices of loss rates (indicated by circles and arrows in the figures). Other parameters as in Fig. 6 . the φ-independent profile of the Husimi distributions in the insets in Fig. 7 corresponding to χ 1 = −χ 2 and γ 1 ≪ 1/(T N 0 ). In contrast, no phase relaxation occurs in the inter-mode channel m = (1, 1). For one-and threebody losses, complete phase relaxation occurs for symmetric losses (α 1 = α 2 , κ 1 = κ 2 , and κ 12 = κ 21 ) only. This can be understood intuitively as follows. For weak rates the random phase φ 1,0 = sχ (φ 0,1 = −sχ) produced by the loss of one atom in the mode i = 1 (i = 2) is uniformly distributed in [0, π/q] ([−π/q, 0]). Since the components of the superposition have a phase separation of 2π/q, it is clear that one needs equal loss probabilities in the two modes to wash out its phase content completely. Note that here complete phase relaxation comes from an exact cancellation when adding the contributions of the two loss channels m = (1, 0) and m = (0, 1), which separately lead to non-diagonal matrices [ρ N1 (t q )] d . A similar argument applies to three-body losses.
2. Loss of quantum correlations when U1 = U2: channels effects
As discussed above, the phenomenon of phase relaxation does not tell us anything about the QCs useful for interferometry, which can still be present in the atomic state even if one has complete phase relaxation. Let us now study these QCs, contained in the off-diagonal part [ρ N1 (t q )] od of the conditional state. We still assume symmetric energies U 1 = U 2 . This off-diagonal part corresponds to the matrix elements ofρ N1 (t q ) in the Fock basis such that n ′ 1 = n 1 modulo q (see Eq. (10)). For weak losses satisfying (53) the main effect of phase noise is, in view of Eq.(56), to multiply the matrix elements in the absence of noise by a factor (n 1 − n
This factor decays to zero as one moves away from the diagonal but does not modify substantially the elements close to the diagonal. This explains the presence of off-diagonal matrix elements for n ′ 1 = n 1 ± 1 and n ′ 1 = n 1 ± 3 for two-body loss rates γ 1 ≪ χ/N 0 and γ 2 = 0 and equal energies in Fig. 6 (left middle panel) , as well as the relatively high value of the Fisher information F N0−2 (t 2 ) in Fig. 7(b) . For such loss rates and energies we are in the noise regime of the aforementioned weak decoherence, i.e. phase noise is more efficient in washing out the phase content of each component of the superposition than in destroying the coherences.
However, we see in Figs. 6 and 7 that the situation is quite different for symmetric two-body losses in the two modes, γ 1 = γ 2 and γ 12 = 0: then the off-diagonal part ofρ N1 (t 2 ) vanishes completely and the Fisher information at small losses is smaller than N 0 . This comes from a cancellation when adding the contributions of the m = (2, 0) and m = (0, 2) loss channels, which occurs only at time t 2 and in the absence of inter-mode losses. A similar cancellation occurs at time t 3 when the two modes are subject to three-body losses with symmetric rates κ 1 = κ 2 and κ 12 = κ 21 = 0. In fact, for such loss rates Eqs.(55) and (56) yield E r,r (n, n ′ ) ≃ 2Γ r,0 δ n,n ′ for r = 2, 3. Therefore, [ρ N0−2 (t 2 )] od = 0, so that not only the diagonal part but the whole density matrixρ N0−2 (t 2 ) is diagonal in the Fock basis and given by Eq.(58) (upper left panel in Fig. 6 ). As a consequence of this channel effect, the two-component (three-component) superposition suffers when γ 12 = 0 (κ 12 = κ 21 = 0) from a complete decoherence in the N 1 -atom subspace for any small symmetric two-body (three-body) loss rates. Such a channel effect does of course not occur for completely asymmetric losses involving only one channel. It is illustrated in Fig. 8 , which displays the Fisher information F N0−2 (t) as a function of time. For asymmetric two-body losses, F N0−2 (t) is maximum at the two-component superposition time t 2 as in the lossless case. For symmetric twobody losses, instead, F N0−2 (t) is minimum at t 2 due to the channel effect.
Note that symmetric one-body losses α 1 = α 2 or inter-mode three-body losses κ 12 = κ 21 do not produce any channel effect. This means that these loss processes are less detrimental to macroscopic superpositions than symmetric two-body losses. For instance, one has E q,1 (n, n ′ ) = 2α 1 sinc[π(n−n ′ )/q] for α 1 = α 2 (we remind that we are treating for the moment the case of symmetric interactions U 1 = U 2 ). A striking consequence of this observation will be discussed in Sec. VIII D 1.
Protecting macroscopic superpositions by tuning the interaction energies Ui
Let us now turn to the case of asymmetric interaction energies U 1 = U 2 . We will see that tuning these energies makes possible a further reduction of decoherence for all kinds of loss processes. In order to keep the formation time t q = π/(χq) of the superposition constant, we vary U 1 and U 2 while fixing 2χ = χ 1 − χ 2 . We still consider weak losses satisfying (53). Then phase relaxation described above is incomplete, as well as decoherence at times t 2 or t 3 for symmetric losses. An interesting situation is U 2 = U 12 < U 1 , i.e. χ 2 = 0 and χ 1 = 2χ. Then φ 0,r (s) = 0 by Eq.(33), thus the second mode is protected against phase noise, whereas the first mode is subject to a strong noise with fluctuations δφ r,0 ≈ 2πr/q. Taking for instance vanishing inter-mode rates, one gets from Eqs.(55) and (48)
For symmetric rates Γ 0,r = Γ r,0 , the off-diagonal matrix elements ofρ N1 (t 2 ) in the Fock basis coincide with those of a two-component superposition up to a factor ≈ 1/2. Loosely speaking,ρ N1 (t 2 ) is a "half macroscopic superposition". Such a state has a large Fisher information, as shown in Fig. 7(a) . An even larger Fisher information is obtained for completely asymmetric losses such that atoms are lost only in the protected mode i = 2, i.e. Γ r,0 = 0. Then E q,r (n, n ′ ) = Γ 0,r and
, that is, the conditional statê ρ N1 (t q ) coincides with a macroscopic superposition of q CSs with N 1 = N 0 − r atoms, slightly modified by the damping factor (54). This is in agreement with the convergence at weak losses and asymmetric energies of the Fisher information F N0−2 (t 2 ) in Fig 7(b) to the highest possible value (N 0 − 2) 2 , and to the presence of two well-pronounced peaks at φ = ±π/2 in the corresponding Husimi distributions.
In conclusion, by tuning the interaction energies U i such that χ 1 = 0 or χ 2 = 0 one can protect one mode against phase noise, to the expense of enlarging noise in the other mode, thereby limiting decoherence effects on the conditional state with N 1 atoms. This way of "switching-off" phase noise in one mode has been pointed out in [21] for two-body losses. We find here that it applies to one-and three-body losses as well.
C. Intermediate and strong loss rates
To complete the description of Fig. 7 we now discuss three effects of atom losses occurring at larger rates Γ m violating (53). Let us warm the reader, however, that these effects on the conditional state with N 1 atoms do not affect the total density matrix, because of the small probability to have a single loss event between t = 0 and t = t q at strong losses. . Note that the approximations leading to Eqs.(51) and (52) are still justified at such loss rates. Therefore, by increasing the loss rates one protects the conditional state with N 1 atoms against phase noise and thus against decoherence. As seen in Fig. 2 , this counter-intuitive effect does not manifest itself in the total Fisher information F tot (t). Indeed, when increasing γ 1 the subspaces contributing to the total Fisher information (16) involve less atoms and hence have less QCs, and the increase of F N0−2 (t) is counterbalanced by the decrease of the probability w N0−2 (t). As a consequence, F tot (t) is getting smaller.
Effect of the θ-noise
The fact that the peaks of the Husimi distributions in 46), whereas for G m < χq one has δθ m < t q r max{|δ 1 |, |δ 2 |}/2.
Damping effects
Increasing further the rates Γ m , the damping due to the effective Hamiltonian in Eq.(44) begins to play the major role. The combination of this damping with the reduced phase noise effect described above leads again to different behaviors of F N1 (t q ) as a function of the loss rates for symmetric and asymmetric losses. Let us recall from Sect.VI that the onset of damping is at Γ m ≈ χqN . For symmetric losses, there thus exists a small range of loss rates Γ m on which phase noise is reduced by increasing Γ m while the damping is still relatively small. This explains the increase of F N1 (t 2 ) with γ 1 seen in Fig. 7(a) . At the point where F N1 (t 2 ) reaches a maximum, two peaks are clearly visible in the Husimi distribution, as opposed to the flat distribution observed at weak losses. This nicely illustrates phase-noise reduction. In contrast, in the asymmetric case damping effects counter-balance phase-noise reduction when increasing γ 1 and the Fisher information decreases (even though some peaks show up in the Husimi plots). For γ 1 = γ 2 ≫ χ and even N 0 ,ρ N1 (t q ) converges to a Fock state with (N 0 − 2)/2 atoms in each mode, which has a high Fisher information (N 0 − 2)N 0 /2 (see Appendix C). For strong asymmetric losses, instead,ρ N1 (t q ) converges to a superposition of Fock states with n 1 = 0 or 1 atom in the first mode, and F N1 (t 2 ) ≈ N 0 , as seen in Fig. 7(b) . Similarly, the comparison of the two first rows in Fig. 6 shows that an increase of γ 1 = γ 2 makes non-vanishing off-diagonal matrix elements to appear, as a consequence of phase-noise reduction, while for γ 2 = 0 the same operation moves the peak in the density matrix towards n 1 = n ′ 1 = 0 as a consequence of damping. We remind once more that these effects at strong losses concern the conditional state with N 1 atoms, characterized by a small probability w N1 (t q ). Note also that the approximations made in Sec. VII break down for such losses, namely, Eq.(51) is still valid but the envelope E(t; n 1 , n ′ 1 ) has a more complex expression than that given in Eq.(52) (see Appendix D). Since for Γ m ≫ χN 1−|m| 0 the most important effect is damping, the precise form of E(t, n 1 , n ′ 1 ) does, however, not matter.
D. Conditional states for several loss events
We finally extend the previous results to the case of several loss events. In view of Eq.(52) most of the physical effects discussed above are present in all subspaces with N atoms, 0 < N 0 − N ≪ N 0 .
Reduction of channel effect due to one-body losses
The channel effect leading to complete decoherence at times t 2 or t 3 for weak symmetric losses (see Sec. VIII B 2) is suppressed if, in addition to two-or three-body losses, also one-body losses are present. The argument goes as follows. The density matrix in the subspace with N 1 = N 0 − r atoms, r = 2 or 3, is given by Eq.(51) with an envelope E N1 (t r ; n, n ′ ) ∝ E r,r (n, n ′ ) + [E r,1 (n, n ′ )] r /r!, see Eq.(52). As pointed out in above, E r (n, n ′ ) vanishes for n = n ′ (channel effect), but this is not the case for the envelope E r,1 (n, n ′ ) coming from one-body losses. We therefore find that by adding one-body losses one can reduce decoherence on the two-component or three-component superposition. We have checked that off-diagonal elements indeed appear in the density matrixρ N0−2 (t 2 ) in the Fock basis shown in the upper left panel in Fig.6 when one adds one-body losses. A surprising consequence of these off-diagonal elements is shown in Fig.8 : if one-body losses are added, we observe an increase of the Fisher information F N0−2 (t 2 ) with respect to the case with two-body losses only.
Tuning interaction energies
For strongly asymmetric loss rates, it is possible to protect the QCs in the atomic state after many loss events by tuning the interaction energies while keeping fixed the energy χ governing the lossless dynamics, as in the case of a single loss event (see Sec.VIII B 3). However, if the loss rates are symmetric, decoherence is strong for any choice of the energies. The argument goes as follows. If the one-, two-, and three-body losses occur mostly in the same mode i, one can switch phase noise off in that mode i by tuning the atomic energies using Feshbach resonances in such a way that χ i = 0, as explained in Sec. VIII B 3. Then each conditional statê ρ N (t q ) is close to a q-component superposition of CSs with N atoms apart from small damping effects (this is due to the form (52) of the envelope E(t; n, n ′ ) in Eq.(51) for N 0 − N ≪ N 0 and to the fact that E q,r (n, n ′ ) is almost constant for weak loss rates Γ m ≪ qχN
1−|m| 0
). The same result holds if losses occur mainly via inter-mode two-body processes (i.e. γ 12 ≫ γ i , α i /N 0 , κ i N 0 , κ ij N 0 ); then one must tune the energies such that U 1 = U 2 . For symmetric losses the situation is different. As soon as the number N 0 −N of lost atoms becomes large the tuning of the energies U i is inefficient to keep the coherences of the superposition. This is due to the fact that the probability that all losses occur in the same mode decreases exponentially with the number of loss events, and we have seen that only one mode can be protected against phase noise if χ is kept constant. Therefore, when a large number of atoms leave the system, the loss rates must be strongly asymmetric in order to be able to protect efficiently QCs from decoherence by tuning the U i . These results provide a good explanation the effects described in Figs. 2 and 3 (Sec. V).
In order to fully explain the high values of the total Fisher information at time t q for strongly asymmetric losses, we must show that the interferometer direction n optimizing the Fisher information F (ρ N (t q ),Ĵ n ) in the N -atom subspace is almost the same for all subspaces (otherwise one could not take advantage of the QCs to improve the phase precision in interferometry, except when the number of atoms at time t q is known exactly). To see that this is indeed the case, let us note that these directions roughly coincide with one of the phases φ k,q of the superposition of CSs with N atoms, which are given by (we assume here
with δ q = 0 if q is even and 1 otherwise. When U 2 = U 12 (or U 1 = U 12 ), we obtain φ k,q = [2k + δ q − 2N + 1]π/q (or φ k,q = [2k + δ q − 1]π/q). Thus the components of the superposition are transformed one into another by changing N . One deduces from this argument that the total Fisher information F tot (t q ) in Eq. (16) is close to the Fisher information of a q-component superposition with N tq atoms, and thus scale like N 2 tq , where N tq is the average number of atoms at time t q .
IX. SUMMARY AND CONCLUDING REMARKS
We have studied in detail the decoherence induced by one-, two-and three-body atom losses on the macroscopic superpositions of CSs dynamically generated in BJJs. For all loss types and at weak losses, two effects degrade the superposition state at most. These effects are a strong effective phase noise and a channel effect. The latter effect gives rise to enhanced decoherence on the two-component (three-component) superposition after summing over all the loss channels when the two-body (three-body) loss rates and interaction energies are the same in the two modes of the junction and the inter-mode loss rates vanish. Conversely, if all losses occur mainly in one mode we have shown that, by exploiting the experimental tunability of the interaction energies, it is possible to partially prevent this degradation by adjusting the interaction energy U i of each mode, keeping their sum fixed. More precisely, the effective phase noise can be suppressed in the mode loosing more atoms by choosing an interaction energy in this mode equal to the intermode interaction U 12 . For instance, in internal BJJs and for the Rubidium atoms used in Ref. [13] , this could be done by taking a non-zero value of the inter-mode scattering length a 12 and by reducing the scattering length a 1 in the mode i = 1 loosing less atoms. Then, because a 2 and a 12 are almost equal, one has U 2 ≃ U 12 , whereas U 1 − U 12 can be large. For experimentally relevant loss rates and initial atom numbers, we have found that the amount of coherence left at the time of formation of the two-component superposition can be made in this way substantially higher, provided that the system has strongly asymmetric losses (see Fig. 3 ). In the experiment of Ref. [13] , this condition is met for two-body losses but not for one-body losses, which are symmetric in the two modes. As a consequence, in the range of parameters mimicking the experimental situation [13] that we have studied, we predict that one-body loss processes lead to much stronger decoherence effects on the macroscopic superpositions than the asymmetric two-or three-body processes. 
Having the solution in a single mode, we can find the solution of the two-mode master equation (11) 
where we added superscripts to the vectors v N,j (t) to refer to the two modes 1 and 2, in order to stress that the loss rates and interaction energies differ between modes. The solutions (A15) and (A16) can be substantially simplified if only one-body losses are present. with z j = iU (j 2 − j)/2 − Γ 1 j/2 and x j = iU j − Γ 1 . Although the formula for any density matrix element (A16) is a bit cumbersome, one can use it to derive simple expressions for the correlation functions characterizing the state. To give an example, the first-order correlation function (j = 1) reads (for simplicity we take symmetric loss rates Γ 1,0 = Γ 0,1 = α and energies U 1 = U 2 = U 12 + χ): The latter formula agrees with the results obtained with the help of the quantum trajectory method in [16] and the generating functions in [17] .
In the case of two-and three-body losses, the eigenvectors p j,n and l j,n are evaluated numerically using the recurrences formulas (A13) and (A14).
with ϕ + = E 2 + (N 0 − n 1 − if N 0 is odd (since n 1 = N 0 /2). Similarly, if γ 2 = γ 12 = κ = 0 (case (ii) in Sec. VI),ρ N0 (t) converges to the Fock state |0, N 0 if α 2 < α 1 (since then n 1 < 1/2, see Eq.(31)) and to a superposition of Fock states with n 1 = 0 or 1 atoms in the first mode if α 1 = α 2 (since then n 1 = 1/2). Ignoring one-body losses, this can be explained as follows. If one detects the same number of atoms initially and at time t ≫ 1/γ 1 , the atomic state must have zero or one atom in the first mode suffering from two-body losses (otherwise one would expect the BJJ to have lost some atoms at time t).
Let us turn to the case a < 0, i.e. γ 12 > γ 1 +γ 2 +2(N 0 − 2)κ (case (iii) in Sec. VI). We still assume symmetric three-body losses. It is easy to show from Eq.(31) that n 1 > N 0 /2 if and only if ∆γ < −∆α/(N 0 −1). Therefore, ρ N0 (t) converges in the strong loss limit |a|t ≫ 1 to the Fock state with n 1 = 0 (respectively n 1 = N 0 ) atoms in the first mode if ∆γ < −∆α/(N 0 − 1) (respectively ∆γ > −∆α/(N 0 − 1)), whereas it converges to the socalled NOON state |ψ if ∆γ = −∆α/(N 0 − 1). The latter state arises because from the knowledge that the BJJ has not lost any atom at time t ≫ |a| −1 one can be confident to have either n 1 = 0 or n 1 = N 0 atom in the first mode, in such a way that no inter-mode two-body collision is possible. Since one cannot decide among the two possibilities, the state of the BJJ is the superposition (C3).
If a = 0, i.e. γ 12 = γ 1 + γ 2 + 2(N 0 − 2)κ, then
